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Abstract 

The purpose of this article is to apply the concept of the spectral triple, the start- 
ing point for the analysis of noncommutative spaces in the sense of A. Connes, to the 
case where the algebra A contains both bosonic and fermionic degrees of freedom. The 
operator T) of the spectral triple under consideration is the square root of the Dirac op- 
erator und thus the forms of the generalized differential algebra constructed out of the 
spectral triple are in a representation of the Lorentz group with integer spin if the form 
degree is even and they are in a representation with half-integer spin if the form degree 
is odd. However, we find that the 2-forms, obtained by squaring the connection, contains 
exactly the components of the vector multiplet representation of the supersymmetry al- 
gebra. This allows to construct an action for supersymmetric Yang-Mills theory in the 
framework of noncommutative geometry. 
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1 Introduction 



In the last years it has turned out that noncommutative geometry Q offers a powerful math- 
ematical framework for the study of fundamental interactions in physics. The construction 
of models for the electroweak and strong interaction in terms of noncommutative geometry, 
i.e. the Connes-Lott models [Q, |l| and the model of the Marseille-Mainz group [§, |5|, has 
led to a new qualitative insight into the spontaneous symmetry breaking mechanism of the 
Standard Model. 



The basic idea of noncommutative geometry is to generalize geometric concepts such that 
they can be applied to more general situations where it is meaningless to consider e.g. points 
connected by arcs. This allows to relax the physical notion of space-time such that our 
classical space-time may emerge as a "classical-limit" of a more general noncommutative 
space-time. This idea has been followed in |^] where uncertainty-relations for space-time 
variables were implemented and their consequences were studied. A different approach to 
utilize this more general framework is to consider a sequence of finite dimensional algebras 
which approximate the algebra of functions on a classical manifold, like the fuzzy sphere [Q], 
and study a quantum field theory on such geometries |^, ^] . Here the noncommutativity 
of the geometries serves as a regulator for the field theory. 



However, the novel feature of these approaches to derive the Standard Model in the framework 
of noncommutative geometry is not a generalization of space-time itself. In those models 
a discrete space, i.e. a space consisting of two points, is added to a conventional space- 
time. This effects the internal symmetries of the theory such that the Higgs becomes a 
part of a generalized gauge potential. It has turned out that the Connes-Lott models and 
their successors |11| based on real spectral triples do not only lead to qualitative restrictions 
compared to conventional Yang- Mills Higgs models, but also serve numerical relations for the 
Higgs mass and top-mass [12]. 



We take this as a motivation to explore the concept of the spectral triple, the basic input 
data for Connes-Lott models, in a more general context. In Connes-Lott models the notion 
of space-time was generalized to incorporate the symmetry breaking mechanism of internal 
symmetries. In this article we will analyse a spectral triple of a supermanifold, i.e. of a 
generalization of space-time which includes fermionic degrees of freedom. This leads to a 
generalization of space-time symmetry, namely to supersymmetry. The generalized differ- 
ential algebra, which is constructed out of the spectral triple, is used to derive an action 
for N = 1 supersymmetric Yang-Mills theory although it is not the usual superdifferential 
algebra [|l^] . The basic difference of the generalized differential algebra to the conventional 



superdifferential algebra [13| is the absence of space-time differentials, i.e. the absence of 
space-time or vectorial 1-forms. Thus the differential algebra is generated only by spinorial 
1-forms and the differential splits into a holomorphic and an anti-holomorphic part, which 
are in (^,0), the left-handed spin ^ representation, resp. in (0,^), the right-handed spin ^ 
representation of the Spin group. As in usual Yang-Mills theory, the action is obtained by 
squaring the curvature, which itself is the square of a covariant derivative. 
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There are several articles in the literature which deal with various aspects of supersymmetry 
and noncommutative geometry. For example in |15] nocommutative geometry is applied to 
supersymmetric constructive field theory. Furthermore let us just mention those articles 
which have a direct relation to models for the electroweak interaction. For the Marseille- 
Mainz model a 2 2 graded structure plays a fundamental role in the sense that this model 
is based on a supergroup. However, the supergroup is not a symmetry group and therefore 
supersymmetry is not realized fsl . 



The relation of supersymmetry and Connes-Lott models was investigated by A. Chamseddine 
1 14 1 who explores the possibilities of arranging the elements of spectral triples of Connes-Lott 
models such the resulting model is supersymmetric. Note, however, that although we also 
use the concept of spectral triples our work is essentially different from [14|. 



In the next section we briefly recall the definition of the spectral triple which allows us to 
indicate the starting point of our construction. Furthermore we introduce the commutative 
*-algebra A of the spectral triple which is a modified algebra of superfields. The construction 
of the spectral triple is completed by specifying the representation of ^ on a Hilbert-space 7i 
and by defining the selfadjoint unbounded operator P. In section 3, after a brief outline of 
the general procedure, we start the construction of the generalized differential algebra with 
the definition of the generalized Clifford-algebra. Its holomorphic structure and the relation 
to supersymmetry is discussed. The construction of the generalized differential algebra is 
completed in section 4. A supersymmetric invariant inner product is constructed in section 
5. Section 6 contains our derivation of supersymmetric Yang-Mills theory. This article ends 
with some concluding remarks in section 7. 



2 The spectral triple 



The basic object in noncommutative geometry defining the geometrical framework is the 
spectral triple [A^TL^V) |jll|, A^ the first element of this triple, is an associative *-algebra 
of bounded operators with a unit in a Hilbert-space 7i, the second element of the spectral 
triple. The last element, V, is a selfadjoint unbounded operator in 7i such that 

i. V has a compact inverse (modulo a finite dimensional kernel) 

ii. [P, a] = Va — aV is bounded for any a ^ A. 



Frequently the last two objects (7Y, T>) are called a K-cycle over A. These three elements 
together encode all geometric information of a space as spectral data. For example, it is 
possible to construct a differential algebra for this space, where the operator T> defines the 
differential. This is the starting point for Yang-Mills theory in noncommutative geometry 
lH] (see, e.g., [17, 16 1 for a review). We should mention that we gave only the definition of 
spectral triples of compact spaces. However, it is also possible to define spectral triples for 
spaces which are only locally compact |11|. 



2 



The spectral triple describing the geometry of a compact spin-manifold Ai is given by 
{C°°{M),L2{S),D), where C~(A1) are the smooth functions on M, L2{S) is the Hilbert- 
space of square-integrable spin-sections and D is the usual Dirac-operator ||l^, ||. The dif- 
ferential algebra derived from this triple is the de Rham algebra of differential forms on 
M. 

Let us express the operator T) of this example, the Dirac-operator, in a somewhat different 
terms which refers to (symmetry) transformation of M. Thus we think of the Dirac-operator 
D = as a composition of two kinds of objects: 

i. the generators of parallel displacement or covariant derivative V^, 

ii. the generators of the Clifford-algebra corresponding to the vector space of generators 
of parallel displacement. 

There is a well known generalization of this Lie-algebra of parallel displacement in physics: 
the supersymmetry (for the rest of the article we restrict ourselves to the case in which the 
manifold Ad is flat), which is generated by Q and Q. The fundamental commutation relation 
is 

[eQ,e'Q\=2iea>'ed^ (2.1) 

where e is a constant anticommuting chiral spinor and e is a antichiral spinor, related to 
e by charge conjugation, i.e. e and e together form a Majorana-spinor. This implies that 
in 4 dimensions an Euclidean space-time metric is excluded. However, the noncommutative 
analogue of an integral, the Dixmier trace, is defined only on Euclidean space. On the other 
hand, the construction of the generalized differential algebra does not refer to the signature 
of space-time. Furthermore, the special structure of the Hilbert-space, which will be defined 
below, allows to define an inner product on the generalized Clifford- algebra which induces an 
inner product on the generalized differential forms. This leads to a supersymmetric invariant 
action which is defined without using the Dixmier-trace. 

The purpose of this article is to encode the generalization of space-time in the sense of 
eq.( ^.lD in the spectral triple. Therefore we have to extend the algebra of (bosonic) functions, 
C°°{M) by fermionic quantities. Thus we have to include the spinors as anticommuting, i.e. 
as Grassmann-odd, objects in the algebra. In order to maintain the regularity of the algebra 
we restrict ourselves to the dense subspace of smooth spinors r(S') C L2{S). Furthermore it 
is useful to split T{S) into its irreducible parts of the Lorentz-group: 

T{S) = r(s+)er(5_) 

(2.2) 

^ = (V'a,r) 

The indices a € {1,2} and a G {1,2} can be raised and lowered with the antisymmetric 
tensors e"^ and e^^. We use the convention of [^], i.e. 

£21 = e'' = 1 (2.3) 
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for both e-tensors with dotted and undotted indices. 



The multiplication rules of spinors are most conveniently described with the help of a constant 
anticommuting Majorana spinor 9. Thus the algebra is generated by elements of the 
form 

go = f + rV', +^^r , / G C^{M), (Va,r) G r(5) (2.4) 

is the usual algebra of superfields |13]. A general element oq G can be expanded in powers 
of (0, 6) as follows 

ao = ai + e°a2„ + ^^as" + O'^Oaaii + OOa^ + Mag + +M0"a7a + OeOc^as^ + ^^Mog . (2.5) 



The *-operation is defined on the generators qq as complex conjugation on functions and 
charge conjugation on spinors. This definition extends uniquely to the whole algebra ^o- 

However, this algebra is not well suited for our purpose as will become clear when we com- 
pute the generalized differential algebra. Therefore we enlarge the algebra by taking spinor 
doublets as generators of the algebra i.e., we define A to be the algebra which is generated 
by elements g of the following form 

g = f + e^^p^®v + e^T®w, /gc°°(>(), (^„,r)Gr(5), ^,w^gc2. (2.6) 

For a generator g as in eq.( |2.6| ) the *-operation is defined to be 

5* =7 + rxa0u^ + ^aV^"0u. (2.7) 

The multiplication for elements in C ^ is just the totally symmetrized tensor-multiplication. 
Thus a general element a ^ A can be expanded in powers of {9, 9) as follows 

a= ai + 9'^a2a ® v^'^^ + ^aOs" ® v^^^ 

+9<'9aaC «) (vP (g), vi^^) + 99a5 «) (vf (g), v^) + Wa^ (g) (^;f ^ (g), ) 

_ _ (2.8) 

+999'' ar^ (g {v^ (g, v^) + 999 c^a^^ (t;f ^ (g, ^ 0, vf^) 

+9999ag (g, {vf'^ 0, 0, t;f ) • 

There is no direct definition of supersymmetry generators on A which could be obtained as 
generalization of the supersymmetry generators on which are defined as follows: 

Qa = 5„-i^,^r , Qa, = -da + i9''^aa. (2.9) 

Here da = da = denote the derivatives with respect to 6*" and 9a and 

<^aa = '^Qa^^A*' where fj* = —a*, i = 1, 2, 3 denote the Pauli matrices and o"" = ct" = l2x2- 

However, for any fixed u € C ^ with v = v there is an embedding 

iv-.Ao — > A (2.10) 
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which is defined on the generators of Aq as 

iv{f+o''^a+eaT) = {f+o''^am+9aT<^v) , V/ G vc^-a, ) G r(5) (2.11) 

Thus this allows us to define the super symmetry generators on the subalgebra Av = iv{Ao) 
of ^ as ^ ^ 

Exphcitly these generators read 

Qi^) =d^^v*-i ^«^r V , Qi"^ = -d^ (^v* + ha^v, (2.13) 

where v* denotes the dual vector of v, i.e. v*{v) = 1. However, the action of v* on higher 
powers of v is defined to be 

v*{v'') = v*{v (S)s--- (S)sv) = f"-^ . (2.14) 



This definition follows directly from eq.( |2.12| ). The action of v* on higher powers of v differs 
from the action of a derivative and therefore there is no direct extension of this definition 
to symmetric tensor products of arbitrary vectors. On the other hand, if v* would act like 
a derivative on tensor products, the operators defined in eq.( 2.13| ) would not generate a 
supersymmetry algebra. 

We now turn to the next element of the spectral triple, the space Ti, which carries a represen- 
tation of A. A representation space TCtt can be constructed out of the algebra generated 
by elements of the form as in eq.(^^) as follows: 

n^ = Ao(^^=^An (2.15) 
nez 

where we have defined 

An = Ao®n , Vn € 2 . (2.16) 

Thus Tin is the 2 -fold copy of ^o- We will call the index n the S number, i.e. for all elements 
€ An it is 

S{^n) = n . (2.17) 
The inner product (•, •) on this space we define for any = k € Ak, = $ (8) / G ^/ as 

J M 

where \gggg denotes the projection onto the ^00^-component of the 9, 9 expansion of the 
superfields. Thus it is the usual indefinite inner product on the algebra of superfields 
multiplied by an indefinite inner product on 2 . Note, that the supersymmetry generators, 
as defined in eq.(2.9), also are well defined on Ti-j^ and that the inner-product, defined in 
eq.( |2.18| ), is invariant under supersymmetry transformations. 

For the definition of a representation of A on TY^ we have to introduce two operators 5"+ and 
S- which act on elements ^ <Si k £ TCn as follows 

S+{^(E)k) = ^(g){k + l) 

, V/c G 2 . (2.19) 

5_(^®fc) = ^®(A;-1) 
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These 5+ and S- are selfadjoint and S+S- = S'_5'+ = 1. With these operators we can define 
a representation 7r(a) on for all a € ^ with an 6, ^-expansion as in eq(^) as follows 

7r(a) = ai + 0"a2„ «) v}^^ + ^^03° ® f/^^ 

+eeMa9 Vf . 

where we used the notation 

^^ = ivl'^)^S^ + iv'f^)-S^ , v'f^ = {iv'f\,iv^^)_)€C'. (2.21) 



(2.20) 



From eq.(|23c|) we can read off the range of the 5-numbers of the components in the 9, 9 
expansion 

S{ak) e {-n,-n + 2,--- ,n-2,n} (2.22) 
where n < 4 is the power of [9, 9) at which the component appears. 

Due to the fact that ^0 has a unit element 1, there is an invariant subspace Ti^A C Tij^ which 
is generated by A 

Ha = ^(10 0) = ^|0> . (2.23) 
This allows us to define an (indefinite) inner product on A as 

< 0,6 >= ((a|0>),(6|0>)) =<0|a*6|0> , ya,b G A . (2.24) 

Note, that this inner product is degenerate for the components ay, as and ag with the following 
S-numbers 

Sim) = S{as) = ±^ , 5(09) = ±2, ±4 (2.25) 



Eq.(2.24) induces also an inner product on Av which depends on v = {v+, w„) G C and can 



be completely degenerate 

< av,K >=< TT oiv{ao),TT oi^{bo) >= 6v'^v'i{ao,bo) , Vao,&oGA- (2.26) 
Thus we are led to require 

v+j^O , u_ / . (2.27) 

We now turn to the last element of the spectral triple, the unbounded selfadjoint operator 
"D. We construct this operator out of the two operators Dq, and 



Dc, = da+i^aa9'' , D^, = -da - i9'' ^aa (2.28) 
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which are associated to the super symmetry generators as defined in eq.(2.9). By construction 
they enjoy the property that all anticommutators of these operators with the supersymmetry 
generators vanish and the only non-vanishing anticommutator is 

[Z)a,^d]+ = -2i^ad . (2.29) 
Furthermore, we can use them to define the following subalgebras of A 

A+ = {ae A \ Daci = } 

(2.30) 

A- = {ae A \ Daa = } 

The algebra A can be generated with the two algebras A+ and A^, i.e. any element a A 
can be written as 

o = ^ aj^a^) , G A+, a^^ G A. . (2.31) 

i 

This fact will turn out to be important for the complex structure of the super-Clifford algebra 
and it will be very useful in the computation of Ox)^. 

We only use the two operators for the construction of P since the space-time derivatives 
are already encoded in D and D. In other words, the operator D is not constructed out of 
the full set of operators which form a basis of the supersymmetry algebra as a vector space. 
D contains only the generating operators from which the complete algebra is obtained via 
commutation relations. Thus the operator V constructed out of D and D has a natural 
interpretation as a square root of the Dirac-operator. As a consequence the 1-forms of the 
resulting differential algebra will be in the spin ^ representation of the Lorentz group. 

Having fixed the derivative part of "D we still have to construct the 'Clifford algebra' part. 
However, since the operators D and D are odd, i.e., they obey anticommutation relations the 
corresponding 'Clifford algebra' has to fulfill the following commutation relations 

VaV0-V0Va = 2ie^^ (2.32) 
v"Vfi - ^/3^" = , 

where the right hand sides are dictated by the symplectic form which defines the inner product 
on spinors. The r]°' and rj^, have to be related by hermitean conjugation since the operator 
V has to be self adjoint. Thus eq.( p.32 ) defines a Heisenberg algebra which has a unitary 
representation on Hh = L2{C © C ). 

The total space Ti. of the spectral triple is the tensor product of the representation space of 
A and the representation space of the Heisenberg algebra 

n = nH(^nA (2.33) 

and the operator T> is defined on this space as 

P = r?"®D« + r?^0:D" . (2.34) 
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Unless there is no risk of confusion we drop the tensor notation and simply write vr(a) = a 
and T> = rj^'Da + fj^D°' . 



3 The universal differential envelope and the super-Clifford algebra 



Let us start this section with a brief description of the general construction of a generalized 
differential algebra in noncommutative geometry ^ (for detailed reviews the reader may 
consult H, 111). 

The first step is to construct the universal differential envelope flA by associating to each 
element a & A the symbol 6a. is the free algebra generated by the symbols a, 6b, with 
a,b & A, modulo the relation 

6{ab) =6ab + a6b . (3.1) 

With the definition 

6{aQ6ai ■ ■ ■ 6ak) ■= 6aQ 6ai ■ ■ ■ daj^ 

(3.2) 

d{dai ■ ■ ■ 6ak) := 

QA becomes a IN -graded differential algebra with the odd differential 6, 6"^ = 0. By defining 

6{a)* = -6{a*) (3.3) 
the *-operation is extended uniquely to VtA. 

The next step is to extend the representation vr of ^ to a representation ttd of Q,A. Since 
\P, a\ is bounded for any a € ^ we can define for all k € IN 

TTv : — > B{n) 

(3.4) 

■KT,{aQ5ai ■ ■ ■ 5ak) = ao[P, ai] • • • [P, flfc] . 

Although TTx) is a representation of the algebra ^A it fails to be a homomorphism of differential 
algebras. The trouble is that from 

-Kvioj) = , uj^nA (3.5) 

it does not follow that 

■Kv{6uj) = . (3.6) 

To obtain a differential algebra one has to identify these disturbing elements which form a 
graded differential ideal J . This ideal is given as Q 

J^" = (ker -Kv n Jl"^) U (5(ker ttv n 17" "M) 

(3.7) 
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Finally, the generalized differential algebra ^ItiA is defined as the following quotient algebra 



(3.8) 

However, before we start to compute and ^IxiA let us first discuss the representation ttxi 
of QA. For the spectral triple {C°°{M), L2{S), ^) the image n^^lA) is the Clifford-bundle 
Cl{A4) over Ai |||]. Thus in our case we call the image of itx>, Cl-jyA = 7rx){^A), the super- 
Clifford algebra of the spectral triple (^, 7^,P). From the fact that A is generated by chiral 
and anti-chiral superfields and 

[77"Z)„,a][r/^;D°,6] + [77^;D",6][r?"Z?„a] =0 , Va,6G^ (3.9) 

we conclude that 

TTvin^A) = ci'^'°'>A e c/g'^U (3.10) 

where and CZg'^U are linear spaces defined as 



CZg'^U = {nviEi a^'^db'i^) = a^'^i^^'Dabfl a^^ G A, hf G A+} 
Cl^^'^^A = {7ri,(EiaW,56«) = E^ci^'^VaD''b'^l^\ G A, b^l^ G A^} . 



(3.11) 



The algebra QA is generated by 1-forms a6b G Q,^A therefore the decomposition ( |3.10D 
extends to the images of higher forms 

k 

TTvin'^A) = C/g"'''U . (3.12) 



1=0 



A generic element v G Cl^-p'^^A is of the form 



(3.13) 



with a^'^ G 6*-*^ G A+ and c*^*^ G A-. Thus the elements of Cl^-p'^'^A are tensor superfields 
with k holomorphic and / anti-holomorphic spinor indices. 

Let us now turn to the 5-numbers of the elements in Clx>A. The 9q,, resp. da part of the 
operator D^, resp. Da shifts the coefficients of higher powers of 0, 9 to lower powers and thus 
also the number of S± operators (which coincides with the power of 0, 6 for elements in A) 
is shifted to lower powers of 6, 6. Thus for any element lo G CI)-,' A with a 6, ^-expansion as 
in ( |2.2[1| ) the range for the 5-numbers of the coefficients of {6, 0)" is 

S{ujj) = {-{k + l + n),-{k + l + n) + 2,---,k + l + n-2,k + l + n} (3.14) 

where we suppressed the explicit dependence of rj, rj and S±. 
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Again, for any real G C ^ there is a subalgebra of Cl-jyA on which there is a weU defined 
action of supersymmetry. Thus there is an extension of as defined in eq. (CT) which 
embeds ^q'^''^ i.e. tensor superfields with k holomorphic and / anti-holomorphic indices, into 
Cl^'^^A. We define this embedding ik+i on the components of the (0, 0)-expansion as 

V+.((^,^)"^(n)) = (^,^)"a;(„)y"+'=+' . (3.15) 
However, note that {Clx>A)j;k+i = ij;k+i{A'^'''^) is not invariant under the action of V: 

(3.16) 

\ifj^f"9a,{Cl^i''^A),k+i] ct (C/g''+'U),.+.+i 

because these parts of T> proportional to Q resp. which causes a shift of components of 
lower powers of (0, 0) to higher powers of (0, 6) whereas the power of V remains unchanged. 

However, the embedding i^k^i defined in eq.( |3.15| ) can be generalized in the following way 

V+;-2™((0,^)"u;(„)) = (^,^)"u;(„)y"+'=+'-2m ^ < 2m < A; + / . (3.17) 

For all A;, I E IN and 2m < k-\-l this defines a series of subspaces {Cl^'^'^A)^k+i-2m 

which carry a representation of the supersymmetry algebra. It is easy to check that these 

subspaces form a subalgebra of CljjA 

[Cl^' ^A)^k + l-2m ■ {Cl^' ^A)yr + s-2n = (CZp^^ ' IA) ^fe + r + i + s-2{m+n) (3.18) 

and we define 

2m=k+l 

{ChA), = 00 (C/g''U),.+^-2™ . (3.19) 

k,lelN m=0 

Note that it is 

[V, {ChAU C (ChA)^ . (3.20) 



4 The generalized differential algebra HdA 



Now we turn to the computation of J' resp. J^v = i^viJ)- The decomposition of ttx>{^^A) 



in eq.( 3.12 ) induces the decomposition 



k 



z=o 



and also 



k ^j^{k—l,l) 
1=0 1=0 Jv 



^U = ®^V''A = ^^^^. (4.2) 
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Since tt-d^J^) = {0} the first non-trivial contributions to Jx) appears at the level of two 
forms, which splits into three parts 

^v{J') = 4''°^ © 4'-'^ ® JS'"^ ■ (4.3) 



The first two spaces on the right hand side of eq. (|4.3| ), i.e. the holomorphic and anti- 

holomorphic part of J-^ are determined by the following line of arguments: 
for any a,b € A we set 

u; = -5{ab) + a5h + b5a G 9} A 

=^ TTx>{uj) = . 

Thus it is 6uj G and we compute 

TTviSuj) = i]"v^{[D^,a][Dp,b] + [D^,b][Dp,a]) +fj^fj^{[D'',a][D^ ,b] + [D'' , b][D^ , a]) 

= 2ie''f [D^ , a] [Dp , b] + 2ie^^ [D" , a] [D^ , b] . 

(4.4) 

From this we conclude that the holomorphic part J^'^^ contains all antisymmetric tensor 
superfields, i.e. 

^ {^«^/3y,^^ e c4''°U|u;«^ = -wp^} (4.5) 
and also for the anti-holomorphic part we find 

4°'"^ = iVoJipw''^ e c4°''U|ti;"^ = -u;^"} . (4.6) 

J^'^^ already generates the complete holomorphic part of jTp, i.e. for any k G IN , /c > 2 it 
is 

4'='°) = c4-'~^'°U4''°)c4°U . (4.7) 

fc=0 

To see that this holomorphic ideal in ct^^^^A is the correct ideal it is sufficient to show that 
the holomorphic algebra 0^7^ with 

nU = e = (4.8) 

nG-CV nelN Jx> 

is a differential algebra. The algebra defined in eq.(^^) contains only totally symmetric 
tensor superfields i.e., it is 



n^^^'U = {7?°^ . . . r?°^t/;„,..«, G c4''°U|t/;„,...„, = l^w^a,-a,)} , (4.9) 



where (ai • . . Ofc) denotes the sum over all permutations of the enclosed indices. The map 
cr^'^^ from the holomorphic super-Cl 
can be most conveniently defined as 



cr^'^^ from the holomorphic super-Clifford algebra onto the holomorphic differential algebra 



(4.10) 
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where (z"') denote the basis 1-forms which are complex, Grassmann-even, vectors with two 
components , i.e., z G C ^ and 

- z^z'' = . (4.11) 
The holomorphic differential dh on Vl^A is a differential of degree (1,0) 



(4.12) 



Since 

DaDp + DpDa = (4.13) 

it is 

dl = (4.14) 

Also it follows from this anti-commutation relation by the graded Jacobi identity that for 

any Wa^-ak = aoi^ai ,ai]--- [Da^ , ak] it is 

4(^"^ • • • z">'Wa,...ak) = • • • [Dao,ao][Da„ai] ■ ■ ■ [D^^ak] , (4.15) 
which shows that {^j)A., dh) describe correctly the pure holomorphic part of Q.x>A. 

The anti-holomorphic part of ^.-pA can be obtained by analogous arguments or, alterna- 
tively, by the fact that the holomorphic and anti-holomorphic part are related by hermitean 
conjugation: 

(C7/g'°U)* = CZg'^U ^ (#°V = 4°''^ (4.16) 
and thus one finds for the anti-holomorphic differential algebra Q.j)A 

(4.17) 

where (zaj denotes the complex conjugate of (z"*). The anti-holomorphic differential also 
is related to dh by complex conjugation and is given as 

d- ■ 0^°'^'U O^^'^'+^U 

U/^ . a U'j-^ ,/-\. 7 a ,/-\. 

_ (4.18) 

Again it is 

4 = 0. (4.19) 

Having computed the purely holomorphic and anti-holomorphic part of rtfA we now turn to 
the mixed forms of ^}x>A, i.e., to i^^^'^^A with k ^ and I ^ 0. Thus we have to determine the 
correct product of holomorphic and anti-holomorphic forms such that the total differential 
dj) on UdA is nilpotent 

c^ = 0. (4.20) 
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Since d-p is determined by its action on holomorphic and anti-holomorphic forms it is 

dv = dh + d^ (4.21) 

and hence the product of holomorphic and anti-holomorphic forms has to be defined such 
that 

dhdj^ + dj^dh = . (4.22) 

However, since Da and do not anticommute eq.( [4.22| ) is not fulfilled for the product which 
is induced from Clx>A. Thus there is a non-trivial ideal in Clx>A which is generated by J^'^\ 

j!^'^^ itself is generated by elements of the form [Dq, a] [Z^q,, 6+] and [Dcf,a'][Da,hJ\ which 
obey 

a[L>a,&+]=0 , a'\Da,hJ\={) , a, a' G ^ , 5+ G ^+ , 6_ G (4.23) 

At this point the 5-numbers becomes important. This can already be seen at first component 
of a superfield of the form w = ir-piSiy), y G il^A (we use the same labeling of the components 
of superfields as in the expansion in 6, 9 of eq.( |2.8D ). For 7rx)(z^) = 77"a[Z)Q,, 5+] we compute 
for the first component of w in the 9, 9 expansion 

Wiaa\s=2 = a-iah2a\s=2 = ^3aQ|5=2 
Wlaa\s=-2 = aZab2a\s=-2 = V2,aa\s=-2 (4.24) 
Wiaa\s=0 = 030^20 15=0 / ^^300 15=0 

whereas the 5 = part of the 3rd component of v in the 9, 9 expansion is given as 

V^aa\s=0 = a3(i&2a|s=0 " 2iai^aabi . (4.25) 

Therefore we conclude that the first component of superfields in Cl^'^^A with S = ±2 are 

never in ^-^'^^ ■ However, we also see from eq.( 4.25D that there is for any ^10,015=0, given as 
in eq.(4.24), an element u £ Q^A such that 

TTviiy) = and Trv{^u)i = r]°'rjaWia\s=(} ■ (4.26) 

Strictly speaking, for 7rx)(i^) = it is not sufficient that '7r(z^)3 = 0. However, it is straightfor- 
ward to check that one can arrange a and 6+ such that also all other components of vrx)(i/) 
in the 9, 9 expansion vanishes. 



Thus we have identified all elements of the form a\ <f)aayi with a\\bX' G C(7W) as elements 
oijS^'\ S 
and obtain 



of Since J is an ideal we can multiply such elements with arbitrary elements of A 



M = {Y, a^"^ KcM^^ , , e -4} C j!^^^^ . (4.27) 

i 

Note, that if we had not generated the algebra Ahy a spinor doublet which are distinguished 
by the ^-numbers, the space J^'^"* would be the whole space Cl^'^^A and thus there would 
be no differential form with both holomorphic and anti-holomorphic indices. The reason for 
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this is that due to the S'-numbers the range of the dia-part of Da is bigger then the range of 
the i^QQ-^^-part of Dq, which would not be the case if there is no spht of components caused 
by 5-numbers. 

What remains to be shown is that we have determined all of i.e. that we can replace 

the 'O" by "=" in eg. ( 4. 27] ). For this purpose it is convenient to define a projection-operator 
which projects the components of the 6, ^-expansion of any superfield w S Cl^ ^'''^A 

(k I) 

onto the parts with the highest 5-numbers i.e., for w G Clj^' A with k + l = n, k^O, 1^0 
and 



\S{w,)\ 



it is 





\S{wi)\ 


= n 


\S{W2)\ = 


\S{W3)\ 


= n + l 


\SM\ = 


\S{we)\ 


= n + 2 


\S{wr)\ = 


\Siws)\ 


= n + 3 




\Siw9)\ 


= n + 4 




= w 





(4.28) 



(4.29) 



and Pg^\w) = for all w G C/^''M which do not have components with S'-numbers as 
in eq(4.28). For later convenience we extend the definition of Ps to the holomorphic and 
anti-holomorphic part of Clx>A 



Jk,i) 



pPw = w , Vu;G (c4"'°U + C/g'"U) 



(4.30) 



Before we discuss the ideal generated by M let us check that at the level of 2-forms M is the 
correct space by which one has to divide Cl^'^'^A in order to obtain a well defined differential. 
First we note that 

ker P^^^ n Cl^^'^U = M . (4.31) 
Let TTx) = f be an arbitrary 1-form. We compute for the components of 

s 



P^\7rT>{Sa^^^ 5b^^^)) with a holomorphic and an anti-holomorphic index 



([I)„,a«][;D<i,6»]) + pf ([:D^,a«][Z),,6«]) 

= ([a,,a«][a^,6«]) + pf ([5^,a«][9„,6»]) 

= Pf ([a„,aW[5<i,6«]]+) + pf ([9^,a«[9,,6W]]+) 

= P^'\[da,vU) + PP{[da,v]+). 
From this we conclude that if f = then it is 

Pf ([Z)„,aW][;D^,6«])+pf ([D^,a«][Z)„,5«]) = 



(4.32) 



(4.33) 
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which imphes that 

N = J^-^'^ . (4.34) 

We now turn to the ideal which is generated by Af. With the definition of Ps given in 
eq.( [4.28| ) and eq.( |4.30| )it is straightforward to check that it is 

4'+'+'"+"Viw^2) = P^s'^'\wi)P^"''-''\w2) , wi G C/g'^U, W2 G C4"^'"U (4.35) 

and 

P^J'^^^^\wiW2) = , wie Cl^^'^U, W2eAf . (4.36) 
Thus the ideal / generated by M is given by the kernels of the projectors Pg^\ n G IN 

/ = U ker P^"^ . (4.37) 

n>2 

From this it follows that product of holomorphic and anti-holomorphic forms are defined as 
follows: for any f = • • • z"'=Uq,^...q,j. G Q.'^'^'^A and w = Zai ■ ■ ■ZaiW°''^"''^' G $7^'^^^ it is 



VW = Z''^--- Z^l^Z^^ ■ ■■ZatP^J'^^\va,...a,w'^'"'"') ■ (4.38) 

Thus we define the map c^'*^ from the super-Clifford algebra to the superdifferential algebra 
for any k, I G IN 

(4.39) 



extension 
projection P5: 



ik I) 

The extension of dh and to the mixed forms in A is obtained with the help of the 



dfi • ^"^7^ ^ ^^7^ 

d,{w) = z-pt'^'\D^w -i-lf +'^wD^) = z»P^,'^'-''\[D^,w]) 

and 

d^(u;) = z^P^'=+'+^)(:D%-(-1)('^+')«;:d") = z^P^s'^'^-'HiD" ,w]) . 



(4.40) 



(4.41) 



The nilpotency of the holomorphic and anti-holomorphic differential is again ensured by 
the symmetrization of the holomorphic and anti-holomorphic indices. What remains to be 
checked is that 

dhdj^ + dj^dh = . (4.42) 

However, this equation can be verified by the following computation: For any w G i^^'^'^A it 
is 

d,{dp,) = -zMPt'^'\D''w))=z--z^Pt'^'\D^{Pt'^'\D''w))) 

(4.43) 

= z'^Zo,Pf^'''^\D^D''w) 
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and also 



(4.44) 

+1+2) (Y^a 

S 

Thus it is 

{dhdj^+d^dh){w) = z''zaP^s''^'''^\iDaD'^ + D''DM = z^^P^^^'^''\2il^^^w) = . (4.45) 

From this it fohows that dx> = d^ + d-^ is a nilpotent differential with = on n-forms 
n G IN . This completes the construction of 0©^. 

Note, that the generalized differential algebra Vtx>A itself does not contain any information of 
the underlying manifold M in the sense that the differential forms in Q.x>A and the differential 
do not depend on space-time derivatives. Although for the construction of Vtx>A. the presence 
of M played an important role, it turned out that all dependence on C°°(A^), via the ^-part 
of T), is contained in the differential ideal J . Thus Jlx)-^ is a generalized differential algebra 
associated to the finite dimensional Grassmann-algebra in A which is multiplied by C°°(A1). 
For differential forms in Vtx>A which have both, holomorphic and anti-holomorphic indices, 
this statement is a direct consequence of eg. ( [4. 32 ). 



For the pure holomorphic forms one can perform a change of coordinates 

x'' — >yt=x>' - iOa'^e . (4.46) 
This induces the following transformation of the operators and Da'- 



D ). rti ) — f) 



Da — > Di^ = -da - 2ii 



(4.47) 



Since the pure holomorphic forms are built only out of commutators with D it follows from 
eq.( [4.47| ) that they do not depend on space-time derivatives. 

For the pure anti-holomorphic forms there is a similar change of coordinates 

xf" — >y^=x'' + ieaf^e (4.48) 

which leads to 



Da D^^^ = da + 2i 



n. ^ n(.+) — 

±^a ' ^a — ^OL ■ 



(4.49) 



Thus we conclude that also the pure anti-holomorphic forms do not depend on space-time 
derivatives. 

Furthermore, we observe that differential forms with holomorphic and anti-holomorphic in- 
dices are invariant under transformations ( 4.46 ), ( 4.48| ), i.e. 



pf^'\o,{x)) = Pf^'\i^{y^)) = Pp'\i^{yJ)) , Vu;eC/g''U, fc,/>0 (4.50) 
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which is a direct consequence of eq.( [4.47| ) and eq.( 4.49 ). 



As a result of this discussion we may relate the generalized differential algebra rixi-^. to the 
algebra C°° (M) A{{0 ,9) x C where A{{6,9) x C ^) denotes the Z 2-graded analog of the 
de Rham-algebra over the Grassmann-algebra generated by {6,0) xC'^. Such Z 2-graded de 
Rham algebras have already been studied in the framework of noncommutative geometry in 



1 18 1 where the relation between closed de Rham currents and cyclic cocycles over a Grassmann 



algebra was established. 

However, the algebra ilx>-A. is not isomorphic to C°°®A{{9, 6*) x C ^) because of the projection 
operator Ps- The definition of Ps in eqs.( [4.28 , 4.29| , [430| ) can naturally be transferred to 



A((6l, 9)xC 2). With this projection operator Ps defined on C~ (g) A{{9, 9) x C (where Ps 
is extended by the identity on C°°{Ai)) it is 

nvA = PsiC°°iM)^A{{9,9) xC"^) . (4.51) 

Strictly speaking, the identification of pure holomorphic form and pure anti-holomorphic form 
involves also coordinate transformations of the form eq. (P|) and eq.dOsI). 



5 The inner product and supersymmetry transformations 



With the generalized differential algebra 0,x>-^ we have all necessary objects at hand to 
construct the covariant derivative and curvature, the main objects in Yang-Mills theory. 
However, what is still missing is an inner product on QjyA which would allow us to define 
an action. The standard procedure in noncommutative geometry uses the fact that there is 
a natural inner product on Clx>A which induces an inner product on Qx>A In principle 
we shall also follow this construction although there will be some important deviations from 
the usual procedure. 

Let us first define an inner product on CI-dA. Therefore we recall that a general element 
UJ € C/S^''U is of the form 

(5-1) 

where the first factor acts on Tin and the second factor acts on Ti-,^. Using this notation, we 
define 

= lo > I ^ e c/g'^U} (5.2) 



which is completely analogous to the definition of 7^_4 in eq.( |2.23D . Again this allows us to 
use the inner product on 7i,r for the definition of a (degenerate) inner product on Cl^'^^A for 
any k,l > 

<^|^>=((<™|0>),(<-^^I0>)) , a;, e C/g''U . (5.3) 



This inner product is degenerate for the same reason as the inner product ( 2.24| ) on A is 



degenerate. However, on the subspaces {Cl^'p'^^A)yk+i-2m , 2m < k + I, the inner product is 
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non-degenerate if one of the components of E C ^ is non zero. The natural inner product 
on ^q'^''^ and the inner product defined in eq.(|5.3|) are related by 

(5.4) 

_ (2(fc+i+2-m-n))! / , , \k+l+2-m.-nf _ 

for all ujQ G {Cl^^'''^A)^k+i^2m and for all uq G {Cl^'''^A)^k+i-2n. Since it is our aim to construct 
an action which is invariant under supersymmetry transformation we are interested only in 
inner pro 
products 



inner products on the spaces (C/^''^./4)^fe+i-2m. For later convenience we rescale these inner 



q<k-\-l — 2n 

such that i^k+i-2m becomes an isometric map. 



(5.5) 



We now come to the discussion about the relation of Qx>A and supersymmetry transforma- 
tions. Clearly we can transfer the embedding iy of tensor superfield from CljyA to VIdA, i.e. 
we define the subalgebra {^dA)^ C Vtx>A which carries a representation of the supersymmetry 
algebra for any fe, / G IN as 

(17g''U), = ag-')oz,(4'='')). (5.6) 

Note, that fi^''^ is an invertible homomorphism from (C/^''^^)„fc+! to (r2^''^^)„ if A;, / > 0. 
Therefore we can define for any k,l > 



as the inverse of i. 



k + l . 



4'^''^ : (17^-'M). {Cl'i''>A)yk^. (5.7) 

This map can be used to define an inner product on (^IxiA)^ which is induced by the inner 
product on {CItiA)v. However, the invariance under supersymmetry transformations of this 
product is not automatically guaranteed. 

For the pure holomorphic part of 0,t>A we find that the image of acting on (QdA)^ is not 
contained in {Qx>A)v 

4(f^g'°U). c^in^/U)y . (5.9) 

The reason for this is the same as the one discussed at the end of section 3: the i^oa^^-part of 
d/j generates terms which are not in {^liyA)^. The same is true for the pur anti-holomorphic 
forms and the differential dj^. 

The situation is different for forms with mixed indices since here the disturbing part of the 
derivative is projected out. Thus it is for all k,l G IN with / > 

dhu; G (0g+^''U)^, , G in^i'^^A)^ (5.10) 
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and also for all k,l G IN with A; > 

dj^oj € (l^g''+^U)„ , Vkj € (l^g''U)^, . (5.11) 
However, supersymmetry transformations do not commute with the differentials 

[dh,{eQ)y]uj = iz"^ ^aa£fy)UJ , w G , / > 

(5.12) 

[dj^, {eQ)y]uj = iZaf'"ea(v)^ , Vw G (^7^''U)^, , /c > , 
where it is (£«(„),£"(„)) = (£«,£") 

On the other hand, it is for any k,l > and < 2m <k + l 

C . (5.13) 

Thus it is for any uj G {^^'^'^A)v 

d.u. = z'^Pt'^'^ {d^c^^Ku:)) = Z-Pt'^'^ (dA'^Hu;)) . (5.14) 

Although uj' = Vj" Pg^'^^^^\DaC''u'^\uj)) also is not covariant under supersymmetry transfor- 
mations, the product of uj' with any other element in {^l^'^'^A)v with covariant transformation 
properties under supersymmetry transformations, is invariant, i.e for any v{Q^^^^'^'^A)v with 
V = o"^"''^'^^ o i^k+i+i{vQ) and oj = a^'^^ o i^k+i{iOo) it is 

<Cv [1J),UJ >i — <Cv ,OaCv \^)+l^iaaO Cv \iO}>i 

= <(^^'^'^\v),i^k+l+l{daUJQ) + i^k+l-l{i(f)a6fi'^^o)>i ■ (5.15) 

= XM(^^o-^a'^o)leeee 



The same arguments apply for the anti-holomorphic derivative, i.e. for dhU) G (ri^''^^'*^)^ 

ret <c[ 
all V G (!^g''+^U)^. 



the product < ci'^''^^^(z^), D"ci'^''^a; >i is invariant under supersymmetry transformations for 



6 Supersymmetric Yang Mills theory 



Once the the generalized differential algebra ^x>A is known the covariant derivative and 
curvature can be defined [Q]. We repeat from this general procedure only the basic definitions 
which allows us to fix our notation. A comprehensive presentation of this topic can be found 
in 



r|,|T3] 



The covariant derivative is defined with respect to some gauge group which is in this frame- 
work 

G = {u(iA\uu* = v*u=\). (6.1) 
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There is a representation of this group on TY, the Hilbert-space of the spectral triple {A, TC, T>) 
which is given by vr, the represntation of A. The operator T) can be extended to a covariant 
derivative by adding a connection 1-form A G ^\)A = TTTji^^A), i.e. we define the covariant 
derivative as an operator acting on TC by 

f=V+4, (6.2) 

where jfi € ■kx){^^A) is hermitean and obeys the following transforms rule 

4 — > 4' = u4u* + uVu* . (6.3) 

The operator y transforms covariant under gauge transformations 

f — >f' = ufu* (6.4) 

Alternatively, the covariant derivative can be defined as an operator acting on forms, i.e., as 
an operator acting on QdA Tl 

V = dv + A, (6.5) 

where A = £7^(4) G ^]yA denotes the 1-form corresponding to 4- Of course, V also trans- 
forms covariantly under gauge transformations. 



The curvature F is defined as the square of the covariant derivative 

F = VV = djyA + AA (6.6) 

and it is easy to show that also in the general framework of non-commutative geometry 
this definition leads to a 2-form, i.e. F € i^j^A, which transforms covariantly under gauge 
transformations . 



Let us now apply this general construction to the case where An is the tensor product of the 
commutative algebra of superfields as defined in sect. 4 and the algebra of complex n x n- 
matrices, M„xn(C ), i.e. 

An = A(^Mny<n{C). (6.7) 

The representation space Ti. has to be extended by a representation of Mnxn such that 
it becomes a representation space Tin of An- The only irreducible representation of the 
associative algebra M„xn(C ) is C Thus we take this irreducible representation and obtain 
for fin 

7t:„ = H(g)C". (6.8) 
The operator D is extended trivially to an operator Dn 

Vn=V®lnxn (6.9) 

where T) is defined as in eq. (|]3|). As a consequence of this setting the generalized differential 
forms in nx>A become matrix-valued generalized differential-forms. 

The gauge group G is the group of superfields which are generated by the super-Lie algebra 
g 

g = {A G ^1 A* = A} . (6.10) 
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Thus any u € G can be written as u = exp(iA), A € g. Obviously the first component of any 
li € G of the 6, ^-expansion is a bosonic C/(n)-gauge-transformation. However, any u E G 
represents a full superfield and therefore the bosonic gauge group is extended by a nilpotent 
part, containing also Grassmann-odd transformations. 

We saw that the derivative dx> of the flx>A, constructed in the previous sections, splits into 
a holomorphic part dh and an anti-holomorphic part dj^. Also the space of 1-forms Q,\)A can 

be decomposed into a holomorphic part O^^'*^^^ and an anti-holomorphic part il^^'^^A. Thus 
we can introduce the holomorphic and anti-holomorphic derivative 

V = Vh + Vj^ 

Vh = dh + Ah (6.11) 
= dj; + Aj^, 

where A^ = z^'Aq., resp. Aj^ = ZaA°' denotes the holomorphic, resp. anti-holomorphic part of 
A = Ah + Aj^. 

This split propagates to the the 2-forms where we can decompose the curvature as follows 

F = Fh + Fj^ + F, (6.12) 

with 

Fh = Vl = dhAh + AhAh 

(6.13) 

^/T = V| = d^A-^ + Aj^A-j^ 

and 

Fv = VhVj^ + VjiVh = dhAj^ + d-f^Ah + AhAj^ + Aj^Ah . (6.14) 
As in the usual approach to supersymmetric gauge-theory the full curvature contains su- 



perfluous components [13| and one has to get rid of them without spoiling covariance. The 
standard procedure is to impose the constraint that all components of F with 2 spinorial 
indices vanish. In our case, this clearly would be to strong since it would imply that the 
complete curvature vanishes. However, the standard constraints in the usual approach have 
different reasonings: The requirement that the vectorial part of the curvature, i.e. F^a should 
vanish is simply a redefinition of fields which is possible because of the presence of the torsion 
term. This torsion term is absent in our approach. Therefore the constraint Faa = would 
be a real restriction and thus we drop this constraint. 

The other constraints arise as a consequence of the chirality conditions which reads 

V/,¥ = 

; $,$GW, . (6.15) 

= 

These conditions can be applied consistently only if 

VhVh = Fh = 

(6.16) 
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This leads to the same restrictions on A as in the conventional approach. In components the 
constraints read 

F^p = Da,Ap + DpAc, + Ao,Ap + ApAp = 

(6.17) 

F^^ = DqiA^ + D^^Aqi + Aq^A^ + A^Aq, = 
The most general solution to the constraints in eq. (|6.17] ) are 

A^ = T-^D^T 

(6.18) 

where T,S € A are general invertible superfields. They are related by the requirement that 
yis a self-adjoint operator. Thus it is ^* = and hence Aha = ~^ha This implies 

S* = T-^ . (6.19) 

Inserting this result in eq. (|6.14| ) we obtain for the remaining part of the curvature 
Faa = Pl{Da{T*Da{T~^T)+Da{T-^DaT) 

which can be rewritten as 

= pP {MW-'daW)) (6.21) 

= T*Waa{T'^)* , 

where we have set W = TT* and 

Waa = pP (pa{W~^DaW)) . (6.22) 



(6.20) 



Comparing eq.( |6.22 ) with supersymmetric Yang-Mills theory in the chiral representation |1S] 
we see that 

Wa = DaD" (W-^DaW) (6.23) 

is the curvature in the usual approach to supersymmetric gauge theory if € ^o- There 
it is only this quantity which transforms homogeneously. Whereas it is straightforward to 
check, that in our framework Waa transforms homogeneously under chiral transformations 
S with DJ: = 0: 

W — > W' = ^*W^ (6.24) 
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The reason for the homegenous transformation property of Waa is that the inhomgenous 
term which arises at the level of Cl^'^^A is in 



This allows us to utilize the Wess-Zumino gauge [|^] and to rewrite eq.( |6.22 ) as 



Waa = ^-'WZ^^ (6.25) 

with 

W^/ = Daiexp -VwzDa exp Vwz) (6.26) 

and 



Vwz = -9a''9A^ + ioeex - ioeex + -eeeeo . (6.27) 



1 

-( 

2 

Thus we infer that the curvature contains a vector-field, a Majorana spinor and scalar field 
modulo chiral gauge transformations. 



If it is G A then it is z'^ZaW^ G {^v^^A)^ and hence z^z^F^ G {d^'^^A)^. From 
eqs. (|]2|, |637| ) we conclude that the curvature is built out of a vector multiplet modulo 



chiral gauge transformations. Since we want to construct a supersymmetric invariant action 
we restrict ourselves to the case T ^ Av and hence W & Av Furthermore, we can write 

T = i,{To) , W = i,{Wo). (6.28) 

According to our discussion in the previous section a supersymmetric invariant scalar / for 
F'^ is given by 

/ = tr{<T*(D'^{W-^D''W)){T-^)*,T*(Da{W~^DaW)){T-^)*>) 
= tr{<D'^{W~^D''W),DaiW-^DaW)> 

= tr Jj^(D''{W,-'D»Wo)DaiWo-'DaWo))\,sre ^^'^S) 

= -trJ^{{W,-'D»Wo)DD{W,-'DaWo))\e0re 

= -trJ^(D\Wo^D''Wo)D\WQ^DaWo))\ee 
Inserting eqs. (|6!2^) and (|!2|) m eq. 

(Hi) 

we obtain 

^J = tr [ -F^^T^, -^ixn + '^D^ + ie^'^^F^-FAp (6.30) 
J M 

which is the action for supersymmetric Yang Mills theory [p^. 
7 Conclusions 



In this article we have generalized the concept of the spectral triples to algebras which contain 
both bosonic and fermionic degrees of freedom. The unbounded selfadjoint operator of this 
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triple was constructed out of the spinorial generators of the supersymmetry algebra, i.e. the 
covariant spinorial derivatives. The construction of the generalized differential algebra out of 
this spectral triple was discussed in some detail. As a result we obtained that one forms of 
this differential algebra are in the spin 1/2-representations of the Lorentz-group and, more 
generally, that n-forms are in the spin n/2-representations. This once more justifies the 
well known notion that the covariant spinorial derivatives are the square-roots of the Dirac 
operator. 

For the resulting generalized differential algebra we found that only the finite dimensional 
structure of the Grassmann-algebra in A is important, i.e. the generalized differential al- 
gebra itself does not contain more information about the underlying bosonic manifold Ai 
then C°°{M). The bosonic part of the algebra becomes important when we consider super- 
symmetry which can be implemented only on a subalgebra of A and thus on a subalgebra 
of Clx>A and QjyA: the construction of an inner product on fl-pA which is invariant under 
supersymmetry transformations involves space-time derivatives. 

It is this inner product which marks important deviations from the standard approach to 
Yang Mills theory in noncommutative geometry. 

i) The representation of QA on Ti. allows to associate to each clement in CljyA an element 
in H and therefore the inner product on Ti. induces an inner product on CI-dA. We did 
not use the Dixmier trace for the definition of the inner product and thus we were not 
restricted to Euclidean space-time. 

ii) Since the inner product on Civ A defined via the inner product on Ti is indefinite on 
the subalgebra carrying a supersymmetry representation (and even degenerate on the 
whole algebra CIdA) we cannot apply the standard procedure for the construction of 
an inner product on O.-pA. Usually one identifies QtiA as the orthogonal complement of 
the ideal J in ClxiA. This is not possible in our case since the inner product on Clx>A 
is not positive definite. Therefore we had to use another criterion to map elements 
of Qx)A into Clj}A. For the subalgebra of ^dA, which carries a representation of the 
supersymmetry algebra, we employed the requirement of invariance of the inner product 
under supersymmetry transformations. 

Equipped with this inner product on the generalized differential algebra we followed the 
standard procedure to construct Yang-Mills theory. However, in our approach to Yang Mills 
theory we find as an immediate consequence of the relation between form degree and repre- 
sentation of the Lorentz-group that the curvature 2-form is a Lorentz-vector and therefore 
the lowest component in the 0, ^-expansion of the curvature superfield is the vector-potential. 
The curvature superfield does not contain any space-time derivative. Again it is the re- 
quirement of invariance under supersymmetry which generates terms containing space-time 
derivatives in the action for supersymmetric Yang-Mills theory. 
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